Many searches for axion cold dark matter rely on the use of tunable electromagnetic resonators. Current detectors operate at or near microwave frequencies and use cylindrical cavities with cylindrical tuning rods. The cavity performance strongly impacts the signal power of the detector, which is expected to be very small even under optimal conditions. There is strong motivation to characterize these microwave cavities and improve their performance in order to maximize the achievable signal power. We present the results of a study characterizing the HAYSTAC cavity using bead perturbation measurements and detailed finite element simulations. This is the first use of bead perturbation methods to characterize an axion haloscope cavity.
Many searches for axion cold dark matter rely on the use of tunable electromagnetic resonators. Current detectors operate at or near microwave frequencies and use cylindrical cavities with cylindrical tuning rods. The cavity performance strongly impacts the signal power of the detector, which is expected to be very small even under optimal conditions. There is strong motivation to characterize these microwave cavities and improve their performance in order to maximize the achievable signal power. We present the results of a study characterizing the HAYSTAC cavity using bead perturbation measurements and detailed finite element simulations. This is the first use of bead perturbation methods to characterize an axion haloscope cavity.
In this study, we measured impacts of misalignments on the order of 0.001 in and demonstrated that the same impacts can be predicted using finite element models.
We also performed a detailed study of mode crossings and hybridization between the TM 010 mode used in operation and intruder modes. This mixing limits the tuning range of the cavity that can be used during an axion search. By characterizing each mode crossing in detail, we show that some mode crossings are benign and are potentially still useful for data collection. The level of observed agreement between measurements and simulations demonstrates that finite element modeling can capture non-ideal cavity behavior and the impacts of very small imperfections. Finite element modeling and bead perturbation measurements are standard tools in the microwave engineering community, but they have been underutilized in axion cavity design. This work demonstrates their potential to improve understanding of existing cavities and to optimize future designs. a) smlewis@berkeley.edu
I. INTRODUCTION
Modern astrophysical and cosmological observations have shown that only only a small fraction of the universe is composed of ordinary matter. Recent measurements predict that ∼ 26% of mass-energy in the universe is dark matter. 1 The makeup of the dark matter remains unknown, though several candidates have been proposed. Among them is the axion, a light hypothetical pseudoscalar particle.
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Detecting a dark matter particle is inherently challenging because the dark matter has extremely weak interactions with ordinary matter. Axion detection schemes are largely based on an axion-photon coupling interaction known as Primakoff conversion. 7 In the presence of a strong magnetic field, the axion scatters off of a virtual photon and converts to a real photon that can be detected. The frequency of the resulting photon corresponds directly to the axion mass as
where m a is the axion mass, c is the speed of light, and h is the Planck constant. Both m a and the coupling strength of the axion-photon conversion g aγγ are unknown, but the parameter space is bounded by astrophysical constraints and observations. 8 Axion searches aim to scan the possible parameter space for a signal and eliminate regions where no signal is detected. The axion-photon coupling is expected to be very weak and therefore the power of an axion photon signal would be very small (on the order of 10 −24 W).
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Existing searches for galactic halo axions use detectors known as haloscopes. In these devices, a tunable electromagnetic cavity is placed in the bore of a solenoid. The goal is to match the frequency of a resonant cavity mode of choice to ν a in order to enhance the signal from the converted photon. An antenna is used to extract the signal, which is then amplified and analyzed. A photon resulting from inverse Primakoff conversion would appear as a power excess. A block diagram of this detection technique is shown in Figure 1 .
Haloscopes operate at cryogenic temperatures and use electronics operating at or near the Standard Quantum Limit for noise in order to be sensitive to P ∼ 10 −24 W.
The haloscope signal power scales as
where B 0 is the magnetic field supplied by the solenoid, V is the cavity volume, and Q L is the loaded cavity quality factor. C nm is the 'form factor' of the resonant cavity mode, defined as
Here, E nm is the electric field of the mode, V is the cavity volume, and ε is the relative permittivity. Since the applied magnetic field is in the z direction, the form factor quantifies the overlap between the external applied magnetic field and the electric field of the mode.
Current experiments use cylindrical microwave cavities with cylindrical metal tuning rods.
These cavities are simple from a resonator design perspective, but use in axion haloscopes poses unique constraints and challenges. The speed of axion searches is limited by the haloscope signal power, which in turn depends heavily on cavity performance. 
II. HAYSTAC
HAYSTAC is a collaboration of Yale University, the University of Colorado Boulder, and the University of California Berkeley. Housed at Yale, the detector uses a 9 T superconducting magnet and is cooled to 127 mK using a dilution refrigerator. Josephson Parametric Amplifiers (JPAs) are used to amplify the microwave signal with quantum-limited added noise. With the cavity described in Section II A, HAYSTAC has excluded axion masses of 23.15 − 24.0 µeV within the axion dark matter model band.
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A. Cavity design
The current HAYSTAC cavity consists of a right cylinder barrel with two endcaps and a large (radius r = 1 in) cylindrical tuning rod. The barrel has an inner radius R = 4 in and length L = 10 in. The barrel and endcaps are constructed from stainless steel and plated with copper for good electrical and thermal conductivity at cryogenic temperatures.
Measurements for this study were performed at room temperature using an aluminum twin of the main cavity barrel. In both the main cavity and the twin cavity used for this study, the tuning rod is hollow with a copper-plated stainless steel body.
The tuning rod has an off-axis axle composed of a steel spindle inside the body of the rod and an alumina tube on each end (outer diameter d = 0.25 in.) The rod is slightly shorter than 10 in, leaving small (∼ 0.01 in) gaps between the rod and the endcaps. While these gaps are necessary in order for the rod to rotate, they have a substantial impact on the cavity performance. This is discussed in more detail in Section V B. Turrets are attached to the endcaps to hold the alumina portions of the tuning rod axle. A ball bearing is the only point of contact between the axle and the turret, allowing for frictionless rotation.
During HAYSTAC data collection, the cavity mode of interest is the lowest order transverse magnetic mode, the TM 010 . This mode has an electric field purely along the cavity axis, giving it the highest possible form factor of any fundamental cavity mode. To tune the cavity, the rod is rotated from being concentric with the cavity body (0 • , the maximum frequency position) to being nearly tangent with the wall (180 • , the minimum frequency position.) Photographs of the cavity and tuning rod are shown in Figure 2 ; Figure 3 shows a schematic of the tuning extrema. This 180
• rotation tunes the TM 010 mode between 3.4-5.8
GHz.
B. Cavity challenges and limitations
Right cylindrical cavities are well-suited for axion haloscope experiments at microwave frequencies. However, there are challenges in using even simple cavity designs. Initial scans have been performed in narrow regions of the cavity tuning range, but as the community moves to cover more parameter space it will be necessary to tune through regions where performance is limited. The cavity performance impacts the signal power through three parameters: the volume, the quality factor, and the form factor. It is therefore vital to understand the cavity performance in problematic regions and make improvements wherever possible.
Mode crossings
Microwave resonators have many fundamental eigenmodes, but few have large enough cavity are unaffected by this tuning motion. Thus as the frequency of the TM 010 mode is tuned, the mode crosses stationary TE and TEM modes. In an ideal cavity there would be no interaction between the modes, but in reality they mix and form hybrid modes. This degrades the E z field strength and lowers C 010 . Data taken in these regions is effectively unusable for excluding axion parameter space.
To date, HAYSTAC and other haloscopes have circumvented this problem by focusing on frequency ranges that are free from mode crossings and by removing any compromised portions of the data from new exclusion limits. As HAYSTAC moves to perform scans over broader frequency ranges and at higher frequencies, this solution is no longer tenable.
Given the density of modes in the HAYSTAC cavity, there are few regions that are entirely free from mode crossings. A broad sweep will therefore be broken up by several of these unusable regions. The density of modes is also higher at higher frequencies, making it difficult to find substantial crossing-free regions. Understanding the nature of mode crossings and characterizing the range over which mixing occurs may allow for useful data to be obtained over part or all of the crossing. A major goal of this study was to characterize the mode crossings in the HAYSTAC cavity such that portions of these regions may be used despite the mode hybridization.
Alignment and mode localization
In the ideal case, the TM 010 electric field strength is constant along the length of the cavity. The entire field strength is in the z component of the field except at boundaries, which gives the TM 010 its high form factor. Deviations from perfect alignment disrupt this ideal behavior and cause field strength localization. Notably, tilting the tuning rod with respect to the cavity barrel causes an asymmetry in the axial direction, which forces the field to localize towards one end of the cavity.
The impact of this mode localization on the cavity parameters Q L and C 010 has been largely unstudied, and power calculations have generally relied on idealized C 010 values.
This work details efforts to characterize and quantify the effects of small tilts on these parameters through measurement and simulation, allowing for improved accuracy in power calculations. This study also aims to demonstrate the predictive capability of simulations, which can be used to inform future cavity designs.
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III. MEASUREMENT AND SIMULATION TECHNIQUES A. Bead perturbation
In order to study mode localization, it is necessary to determine the relative field strength at different locations inside the cavity. To perform a bead perturbation measurement, a small metal or dielectric object is inserted into a resonator to locally perturb the electric field and cause a shift in the resonant frequency of an eigenmode. By performing this measurement at different locations, a 'map' of the field strength can be constructed. This technique is commonly used in accelerator physics to study the field profile of a cavity or set of cavities along the axis of acceleration.
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For axion haloscope cavities, a series of bead perturbation measurements can be taken along z at one radial and azimuthal position (referred to in this work as a 'bead-pull' measurement). Since the TM 010 mode has a constant E (z) for any given r and θ, the result should be a profile with a single, constant value for the perturbed frequency at each axial position. Any deviations from this flat profile indicate there is mode localization causing the field to be stronger at some location. The details of how this measurement technique was used to characterize the HAYSTAC cavity are discussed in Section IV A.
B. Finite element modeling
The finite element method (FEM) is used across many disciplines to solve systems of equations in complex geometries. In FEM problems, a geometry is broken up into discrete elements over which the system of equations is easier to solve. Together, the elements form 
B. Tilt study
Misalignments of the rod with respect to the cavity cause mode localization that can generally be observed through bead-pull measurements. This mode localization manifests as a shift in the resonant frequency of the TM 010 mode from one end of the cavity to the other. A primary goal of this study was to quantify this shift and relate it to a physical amount of misalignment while studying its impact on cavity performance. The frequency shift was defined as ∆f ≡ f (z = cavity bottom) − f (z = cavity top) .
Non-zero ∆f indicates there is some mode localization. Figure 4 shows two example beadpull profiles with different ∆f values.
The rod misalignment was produced by laterally shifting the rod's axle at one end of the cavity. Two orthogonal micrometers, as shown in Figure 5 , were mounted on the turret on the bottom endcap of the cavity around the alumina axle. By adjusting the micrometers, the rod can be tilted in a controlled and measurable manner. Rod tilt studies were conducted at three approximate rod positions ϕ: 0 • , 90
• , and 180
• , which correspond to the positions illustrated in Figure 3 . These positions were chosen because they covered the extremal frequency cases and a central frequency. Once the rod was adjusted to a position of interest, a tight collar was placed on one of the alumina rods to hinder rotations of the rod within the cavity. This reduced the degrees of freedom of the system to the two orthogonal tilts of the rod. The micrometers were set such that the starting values corresponded to ∆f = 0, taken to be an aligned configuration.
The tilt studies were carried out by adjusting the micrometers in the two orthogonal This is discussed in further detail in Section V A.
the 90
• case, a decrease in the mode's sensitivity to misalignments demanded an increase in the grid's dimensions in order to see an appreciable impact. This resulting grid was 7 × 7 with a 1.2 mil step size between points. These measurements kept the angular misalignment between the rod and the cavity below 1 millirad.
The behavior of the cavity at the three rod positions resulted in a plane-like surface in ∆f , as shown in Figure 6a . The orientation of the set of points along which ∆f ≈ 0 showed a dependence based on the angle of rotation of the rod.
The same misalignments were input into a CST MWS model of the cavity. Bead-pull profiles were constructed by simulating the measurement process: a sapphire bead was stepped through the cavity and the frequency of the TM 010 mode was determined from performed at each tilt position in the measurement grids. Figure 6b shows the resulting plane in ∆f .
C. Mode crossings study
The primary goal of the mode crossings study was to determine the width of mode crossings between the TM 010 mode and other TE and TEM modes in the cavity. The width of the mode crossing was defined to be the frequency range across which the two modes were sufficiently hybridized such that the effects of this hybridization were visible on a bead-pull profile. Effects of hybridization were observed on bead-pull profiles when the profile of a TE or TEM mode was superimposed on the profile of the TM 010 mode, as shown in Figure 7 .
The regions in which the modes mix are used to determine the frequency ranges over which the TM 010 mode can no longer be used due to its hybridization. This study was conducted by performing a series of bead-pull measurements with small rotations of the tuning rod. The rod position ϕ was controlled by a stepper motor so very small steps could be made. Bead-pull measurements were taken every 5 MHz in frequency throughout the entire tuning range in order to look for mode crossings. When a mode crossing was encountered, the rod tilt was adjusted to give ∆f = 0 on the TM 010 mode.
The rod was then rotated in steps corresponding to 2.5 MHz in frequency to bring the frequency of the TM 010 mode closer to that of the intruder mode. This was repeated until the TM 010 mode emerged at a frequency higher than that of the intruder mode and mixing was no longer observed. During each step in rotation, bead-pull measurements were taken on both peaks in S 21 , producing two profiles. The alignment of the rod was not adjusted throughout the mode crossing as a control. The frequency range of mode crossings was sufficiently small such that the change in ∆f was negligible across the range of rotation. These studies showed that approximately 15% of the available frequency range of the TM 010 mode contains significant mode mixing that must be considered during axion search data collection. Several observed mode crossings proved to be fairly innocuous since no mixing was observed unless the mode with the wider and more dominant peak (in all such cases, the TM 010 mode) completely overlapped with the intruder mode.
Stronger and wider mode crossings exhibited one of two behaviors. In some cases, the frequency of one hybridized mode remained constant while the other mode tuned across the frequency range of interest. The stationary hybridized mode corresponded to the peak which was initially the intruder mode. This type of crossing is illustrated in Figure 8a . In the remaining cases, the mode that initially was at the lower frequency tuned to the original frequency of the intruder mode, while the intruder mode tuned away and eventually became the TM 010 mode. In these cases, the two peaks never truly crossed, making them so-called 'avoided crossings,' as shown in Figure 8b .
Mode crossing simulations were performed in CST MWS. To model a mode crossing, bead-pulls were simulated as described in Section IV B at multiple rod angles. Profiles were Simulating mode crossings provides additional information which cannot be determined via measurements, including whether the intruder mode is a TE or TEM mode. Bead-pull measurements show variations in the electric field strength along the axis, but do not give information on the orientation of the field which is necessary to distinguish the mode type.
In FEM simulations, the full 3D electric and magnetic fields can be calculated for any given frequency thus allowing each intruder mode to be characterized as TE or TEM.
V. DISCUSSION
A. Comparison of measured and simulated results
Across this study, measured and simulated results show good agreement. In all cases, the results are qualitatively the same. Small quantitative differences are found in many cases, which is expected given the limited complexity of the simulated model. Figure 6 visually demonstrates that the measured and simulated tilt studies showed the same overall behavior of ∆f versus tilt. This agreement is found for all three angles where tilt studies were performed.
The simulated ∆f values agree quantitatively with measured values, though there are small differences. There are multiple possible sources for the discrepancies. In the measurement case, the accuracy of the setup is limited. Most notably, very small rotations of the tuning rod are still possible even though the rod is 'fixed.' As such, the simulated rod angle may be slightly different from the measurement case. The accuracy of the micrometers is also limited, as they are set manually.
There are further known non-idealities which were not included in simulations in order to limit the complexity of the problem. The cavity barrel is not perfectly cylindrical and has small variations both radially and axially. These variations are on the order of 0.005 in or smaller (≤ 0.15% of the cavity diameter), but it is possible that they impact mode localization. Similarly, the tuning rod has small variations in its radius on the same order.
The simulated cavity barrel and tuning rod are perfect cylinders and thus do not capture these potential impacts. Such variations could potentially be included in future studies by creating a full 3D model of the fabricated cavity.
An important potential source of error is the size of the gaps between the endcaps and the tuning rod. The length of the rod and the cavity are both known to a high degree of accuracy, but there is no mechanism to ensure the gaps are symmetric on the top and the bottom. When the cavity is assembled, the collar is attached to the top rod axle fixing the axial position of the tuning rod. This position is set such that the rod is not touching either endcap, but it cannot be set with the accuracy necessary to enforce a 0.01 in gap on either side. Thus, it is possible for the gaps to be asymmetric and the value of that asymmetry is unknown.
Simulations have shown there is strong mode localization in the gaps which gives rise to the parabolic shape of the profile shown in Figure 4 . The impact varies with rod angle, giving profiles with different concavities. Asymmetry in the gaps can lead to shifts in this bump that may cause errors in calculating ∆f . The simulated model assumed symmetrical gaps and thus did not include this source of error. To achieve better quantitative agreement in ∆f , this gap asymmetry could be studied in more detail.
All observed intruder modes were found in the simulations at the expected frequencies.
Small differences in resonant frequency between simulations and measurements are expected due to the non-idealities of the cavity that have been discussed. Overall, the simulated mode crossings agreed well with measured values, demonstrating that simulations can be used to characterize the severity of mode crossings even before a cavity is fabricated.
B. Implications for HAYSTAC and future cavity designs
The purpose of this study was not only to characterize the HAYSTAC cavity using microwave measurement techniques, but also to demonstrate the capability of FEM simulations to replicate the measurements. This opens up the opportunity to obtain more accurate information on cavity performance for the existing HAYSTAC cavity as well as potential future designs.
While the Q value of the TM 010 mode can be measured in situ during data collection, the form factor C 010 can only be calculated from simulated values of the E field. Previous calculations used an idealized cavity. This study demonstrates that commercial FEM software is capable of capturing the effects of small non-idealities such as rod misalignments. Future C 010 calculations can include misalignments and other non-idealities to give more accurate results.
After this study was concluded, C 010 was calculated for the known misalignment in the main HAYSTAC cavity, which was recently refurbished with a new axle. It was observed that the effects on the form factor were negligible, meaning the misalignment and resulting mode localization are at acceptable levels. The form factor for the perfectly aligned case (∆f = 0) at approximately 90 • was 0.4654 whereas for a tilt of ∆f = 87.5 kHz the form factor reduced to 0.4643, corresponding to a 0.24% decrease. Similar calculations can be performed for any tuning position used in future data collection.
This study also revealed new insight on mode crossings. Mode crossings that were found to be small or benign in measurements showed the same behavior in simulations. In fact, simulations showed that in these cases the intruder mode in question was always a TEM mode. Previously, all mode crossings were viewed as unusable regions. For the existing cav-
ity, these results demonstrate that some regions impacted by a mode crossing have minimal mixing, meaning portions of the mode crossing may still be useful for data collection. While mode crossings will always exist in any conventional cavity, future designs can be optimized
to have large regions that are only interrupted by these small TEM mode crossings.
VI. CONCLUSIONS
This study has used microwave measurement techniques to characterize the HAYSTAC detector's resonant cavity in detail. The results will be used to inform how the cavity will be used in future axion search runs. Simulations of each measurement show that FEM models have the ability to capture the effects of non-idealities found in the cavity. There is great potential to continue to expand the model to capture the full complexity of the cavity.
Further, future HAYSTAC cavities can be designed with more knowledge of the impact of potential fabrication errors and misalignments on cavity performance. By predicting the impacts of these flaws, designs can be optimized to maximize cavity performance even in non-ideal cases. 
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